Attention is called to a polarization basis formed by four Jones vectors that is reducible to two basic structures. In these states the field is linearly polarized at any point, but the polarization direction changes with the angular coordinate. Very simple equations hold for the field lines of these basis vectors. The adoption of this basis is of interest for beams possessing a single vortex of any order, say, m, as well as for beams with two vortices of opposite charges, m and Ϫm. As an example, the application to vectorial Bessel-Gauss beams is briefly discussed.
INTRODUCTION
The vectorial properties of nonuniformly polarized beams in the paraxial regime have revealed significant features since the advent of lasers. In recent times, interest in this subject has been growing, and several vectorial treatments have been presented in both the coherent (see, for example, Refs. 1-6) and the partially coherent (see, for example, Refs. 7-12) cases.
The simplest approach to studying arbitrarily polarized beams is to decompose the representative field vector (either electric or magnetic) at any point of a section into orthogonal linearly polarized parts. Free-propagation problems can then be treated as a pair of scalar problems. The same is true if two orthogonal circular-polarization states are used as a basis. On the other hand, significant results have been obtained by the representation of the field at a typical point as the sum of a radial and an azimuthal component. As an example, Jordan and Hall 2 showed that the propagation process of an azimuthally polarized Bessel-Gauss beam can be treated by means of a single one-dimensional propagation integral with a suitable kernel.
In this paper, we wish to put into evidence that there is at least one class of beams for which yet another approach can be fruitful. This is the class of beams that possesses a vortex of charge m, say, a superposed vortex with the opposite charge Ϫm, or both. Vortices first appeared as rather exotic singularities in optical fields, but it was soon realized that they are present in common optical beams as well as in speckle patterns. [13] [14] [15] [16] Familiar examples are Laguerre-Gauss 17 and Bessel 18 beams. Experimental production of Laguerre-Gauss beams on the basis of mode converters, 19, 20 interferometers, 21, 22 or intracavity laser devices 23, 24 is rather well established. Transversely windowed forms of Bessel beams are also realizable. 25, 26 For beams of this type a basis composed of four nonuniform polarization states can be used. The four basis Jones vectors correspond to fields that are linearly polarized at any point in a typical cross section of the beam. The polarization direction is a function of the angular coordinate. An attractive feature of these states is that the corresponding polarization patterns are quite simple and elegant. The equations of the field lines can easily be derived and specify curves that are well known from geometry.
As for the intensity distribution, the four basis states are circularly symmetric. The case of m ϭ 1 deserves special mention. It includes as particular cases the azimuthal and the radial polarizations with a continuous passage from one to the other through intermediate states of polarization in which the field lines have the form of spirals. It further is seen that, except for m ϭ 1, two of the basis states are simply rotated versions of the other two.
For any of the four basis polarization states, and, indeed, for any linear combination of them, the polarization pattern remains angularly invariant at any cross section of the beam, and the propagation process can be studied by means of a single one-dimensional integral. As an example, we discuss Bessel-Gauss beams of an arbitrary order m and show how they can be used to describe other Bessel-Gauss structures that were recently studied in connection with fields that are generated by concentriccircle-grating, surface-emitting (CCGSE) semiconductor lasers.
PARAXIALLY PROPAGATING BEAMS AS A SUPERPOSITION OF VORTEX FIELDS
In this section, we briefly recall how a paraxially propagating field with linear polarization can be expressed through a Fourier series with respect to the angular variable and emphasize the interpretation of this expansion in terms of vortex fields.
In the paraxial regime the electromagnetic field is approximately TEM and can be described by a single vector (for example, the electric or the magnetic field). Suppose that the function V(, , z) specifies, in cylindrical coordinates, the field of a monochromatic, linearly polarized beam. The z axis is assumed to be the mean axis of the beam. The propagated field can be evaluated through the Fresnel formula
where k ϭ 2/ ( being the wavelength). We expand V(, , 0) into a Fourier series with respect to
where
We refer to the v 0m as the Fourier coefficients, although they are functions of . On inserting Eq. (2) into Eq. (1) and letting Ϫ Ј ϭ Ϫ /2, we obtain
where the integral representation of Bessel functions
was used. Equations (2) and (4) represent the field at z ϭ 0 and the propagated field, respectively, as superpositions of fields with a single vortex whose charge m runs from Ϫϱ to ϱ. Let us write Eq. (4) in the form
Equations (6) and (7) put into evidence a significant feature of the present expansions: Each vortex field propagates independently from the others. Indeed, the coefficient v zm () at any plane z ϭ constant Ͼ 0 depends on only the corresponding coefficient v 0m () at the plane z ϭ 0. In other words, a single-vortex distribution with a charge m at z ϭ 0 gives rise to a single-vortex field with the same charge at any plane z ϭ constant Ͼ 0. Wellknown examples of fields of this type are the LaguerreGauss beams in both their ordinary and elegant versions 28 and Bessel beams. 18 It should be stressed that, in accord with Eqs. (2) and (6), the field of any beam can be thought of as a superposition of vortex fields. This concept holds true even if the field to be expanded does not exhibit any vortex structure.
Let us remark that converting m into Ϫm does not change the propagation law, as can be seen from Eq. (7) if we take into account the property J Ϫm (t) ϭ (Ϫ1) m J m (t) of the Bessel functions.
Suppose now that two fields with opposite charges and the same radial distributions are superposed at z ϭ 0, in accord with a formula of the form
Here, a ϩ and a Ϫ are arbitrary complex coefficients, and we let C m ϭ cos(m) and S m ϭ sin(m). It can be seen that an angular intensity modulation is introduced by the superposition. In view of the above remark about the change of m into Ϫm, we conclude that the propagated field is given by
In other words, the angular dependence remains unchanged on propagation. Because Eq. (9) accounts for vortices of both m and Ϫm values, from now on m is taken to be nonnegative. A beam described by Eq. (9) is said to be of the order m.
POLARIZATION BASIS
Up to now, we assumed the field to be linearly polarized. We now exploit the linearity of Maxwell's equations to construct more general polarization states through superposition. More precisely, we combine beams of the order m with linear polarization along the x and the y axes that exhibits identical radial dependences. By use of the Jones formalism 29 the representative vector of the wave, say, the electric field E, will be represented, in the most general case, by (10) where the c i are arbitrary complex coefficients. Alternatively, it is easily seen that any resultant state of polarization can be expressed through a linear combination of the following Jones vectors (denoted by a caret):
We now discuss the vector's main features. First, it can be seen that they represent polarization states in which the field is linearly polarized at any point of a beam section. The polarization direction, however, changes with the angular coordinate . We also note that the intensity distribution associated with any one of them is circularly symmetric (being proportional to cos 2 m ϩ sin 2 m). Let us now investigate the polarization patterns that correspond to vectors (11) . Basically, we have to consider the two following structures:
In fact, we have
To see the effect of ␣ on the polarization pattern, we consider a frame that is xЈ, yЈ rotated by an angle ␥ with respect to x, y (see Fig. 1 ). The Cartesian components E x , E y and E x Ј , E y Ј of a typical vector E in the two frames are related by
E y Ј ϭ ϪE x sin ␥ ϩ E y cos ␥.
If we assume that E x and E y are proportional to the components of û 1 (m) (␣) or
E y ϭ E sin͑m ϩ ␣͒ (17) and use the relation ϭ Ј ϩ ␥, we obtain from Eqs. (14) and (15)
Except for the case of m ϭ 1, when ␣ 0 the polarization pattern seen in a frame that is xЈ, yЈ rotated by ␥ ϭ Ϫ␣/(m Ϫ 1) is identical to the one that would be seen in the x, y frame for ␣ ϭ 0. For m ϭ 1, instead, the components of E have the same expressions in any rotated frame.
Let us now consider the case in which E x , E y are proportional to the components of û 2 (m) (␣). Proceeding as before, we find that
In this case the effect of ␣ is always equivalent to a rotation by ␥ ϭ Ϫ␣/(m ϩ 1) of the reference frame. There remains to be found the form of the field lines. Thanks to the above results, we can limit ourselves to v 1 (m) with m 1 and v 2 (m) for any m and deal separately with û 1 (1) (␣). The field lines are found by means of solving the differential equation
If we insert the components of v 1 (m) (with m 1) into Eq. (22) and express dx and dy through polar coordinates, we obtain
Equation (23) is easily transformed into
If is limited to the interval 0 р р /(m Ϫ 1) Eq. (24) is integrated at once to yield
where R is a constant. The curves described by Eq. (25) are known as sinusoidal spirals. 30 To complete the pattern, we must find how the field lines behave in the interval /(m Ϫ 1) Ͻ р 2. By use again of Eqs. (14) and (15) it is not difficult to show that the field lines for /(m Ϫ 1) Ͻ р 2/(m Ϫ 1) are obtained from those of the interval 0 р р /(m Ϫ 1) by a rotation of /(m Ϫ 1) and by an inversion of the field vector. Proceeding in this way for the remaining values of , we find that the polarization pattern resembles a sort of flower with 2(m Ϫ 1) petals. As an example, curves corresponding to m ϭ 4 are shown in Fig. 2 . Certain sinusoidal spirals have specific names. As an example, the case of m ϭ 3 gives rise to the lemniscate of Bernoulli.
Passing on to v 2 (m) and proceeding as before, we find the
for Ϫ/͓2(m ϩ 1)͔ р р /͓2(m ϩ 1)͔. In this case the rotation and the inversion processes for the field lines take place in steps of /(m ϩ 1) so that the overall pattern is made up of 2(m ϩ 1) sections. Curves specified by Eq. (26) also belong to the family of sinusoidal spirals. 30 Essentially, they are obtained from those of Eq. (25) by the geometrical process of inversion with re- Fig. 1 . Geometrical sketch of two mutually rotated frames. spect to the origin taken as a pole. 30 The case of m ϭ 2 is illustrated in Fig. 3 . The case of m ϭ 1 gives rise to the equilateral hyperbolas.
Let us now derive the field-line equation for û 1 (1) (␣).
On inserting the components of û 1 (1) (␣) [see Eqs. (12)] into Eq. (22), we obtain
and Eq. (27) can be transformed by simple algebra into
The general integral of Eq. (28) is
Equation (29) is also a well-known curve called the logarithmic spiral, 30 or the equiangular spiral. The latter name reflects the property that any line through the origin cuts the spiral at a constant angle, namely, ␣. 31 An example is shown in Fig. 4 in which ␣ ϭ /2 Ϫ 0.1.
For ␣ ϭ /2 the spirals degenerate into circles, whereas for ␣ → 0 they tend to lines through the origin. Accordingly, the general structure (29) includes azimuthal and radial polarizations as particular cases. Incidentally, although azimuthal and radial polarizations are well known, the intermediate case of spiral polarization does not seem to have received much attention.
BESSEL-GAUSS BEAMS
As an example, we consider in this section simple vectorial forms for Bessel-Gauss beams. The extension from the scalar treatment of the zero-order Bessel-Gauss beam 32, 33 to vectorial analyses for beams of higher order has been considered by several authors. 2, 3 In particular, very interesting results have been obtained in relation to beams emitted by CCGSE lasers for which Bessel-Gauss structures furnish elegant models. 34, 35 An appealing feature of the basis in Eq. (29) is that the propagation of any field whose polarization state is specified by an arbitrary combination of the vectors v i (m) can be treated by the one-dimensional integral in Eq. (7). This method somehow generalizes the beautiful result by Jordan and Hall 2 that relates to the azimuthal Bessel-Gauss beam (corresponding to m ϭ 1). Then let us suppose that the radial part of the field distribution at z ϭ 0 is (30) where A is a constant, w 0 specifies the spot size of the Gaussian envelope, and ␤ determines the transverse scale of the Bessel function. The integral appearing in Eq. (7) can be evaluated by means of Eq. 6.633.2 of Ref. 27 . After some algebra the radial part of the propagated field can be cast into the form
where L ϭ kw 0 2 /2 is the Rayleigh range of the Gaussian component and w(z), R(z), and ⌽(z) have the wellknown expressions 17 w͑z
Any state of polarization specified by a linear combination of the v i (m) preserves its angular dependence on propagation, whereas the radial part is given by Eq. (31). In particular, if the polarization state corresponds to only one of the vectors v i (m) the intensity at any cross section of the beam is circularly symmetric.
To describe beams generated by CCGSE lasers, it was necessary to introduce more sophisticated field structures. Because they are also known under the name Bessel-Gauss beams, we refer to the fields whose radial part is specified by Eq. (31) as elementary Bessel-Gauss beams. It is interesting to study how the more sophisticated structures are related to the elementary beams. Without going into a detailed analysis, we refer to a particular solution derived by Greene and Hall 5 that reads
where f and f are the radial and the azimuthal components, respectively, of the electric field. Furthermore, a m is a constant. The quantities u and Q are given by
The field specified by Eqs. (33) and (34) is representative of the general structure of modes for CCGSE lasers. By use of simple trigonometric manipulations it can be shown that the field associated with Eqs. (33) and (34) can be written in Jones notation as
Accordingly, the field appears as a superposition of two elementary Bessel-Gauss beams of the form of Eq. (31) with the orders m Ϫ 1 and m ϩ 1. Similar results hold for the other solutions derived in Ref. 5.
CONCLUSIONS
We have examined a polarization basis for paraxial vortex fields. It has turned out that the corresponding field lines are elementary curves of classical geometry. As an application, we have showed that modes of the radiation generated by CCGSE lasers are readily expressed by use of such a basis. In view of the relevance of vortex fields the polarization basis discussed in this paper should prove to be useful in other applications as well.
